Abstract The Kirchhoff index of a connected graph is the sum of resistance distances between all unordered pairs of vertices in the graph. It found considerable applications in a variety of fields. In this paper, we determine the minimum Kirchhoff index among the unicyclic graphs with fixed number of vertices and matching number, and characterize the extremal graphs.
Introduction
The resistance distance was introduced by Klein and Randić [8] as a distance function on a graph. Let G be a simple connected graph with vertex set V (G) and edge set E(G). The resistance distance between vertices u and v of G, denoted by r G (u, v), is defined as the effective resistance between nodes u and v of the electrical network for which nodes correspond to the vertices of G and each edge of G is replaced by a resistor of unit resistance (one ohm).
The Kirchhoff index of a connected graph G is defined as [1] Kf (G) = {u,v}⊆V (G) r G (u, v).
It is also named as total effective resistance [6] . This graph invariant found applications in chemistry, electrical network, Markov chains, averaging networks, experiment design, and Euclidean distance embeddings, see [7, 1, 6] . The (ordinary) distance between vertices u and v of a graph G, denoted by d G (u, v), is the length of a shortest path connecting them in G. Recall that the Wiener index of G is defined as [4, 5] W (G) = {u,v}⊆V (G) d G (u, v) . It has been shown [8] that r G (u, v) ≤ d G (u, v) with equality if and only if there is a unique path connecting u and v in G. As a consequence, the Kirchhoff index for a tree is equal to its Wiener index, which has been extensively studied (see [4] ). Thus the Kirchhoff index is primarily of interest in the case of cycle-containing graphs.
Zhou and Trinajstić [13, 14] established various lower and upper bounds for the Kirchhoff index, see also [15] . Among the n-vertex connected graphs, Lukovits et al. [9] showed that the complete graph K n is the unique graph with minimum Kirchhoff index, and Palacios [10] showed that the path P n is the unique graph with maximum Kirchhoff index. The maximum and minimum Kirchhoff indices among the unicyclic graphs have been determined by Yang and Jiang [11] , see also [12] .
A matching M of the graph G is a subset of E(G) such that no two edges in M share a common vertex. A matching M of G is said to be maximum, if for any other matching M of G, |M | ≤ |M |. The matching number of G is the number of edges of a maximum matching in G. For a matching M of a graph G, if the vertex v ∈ V (G) is incident with an edge of M , then v is said to be M -saturated. Moreover, if every vertex of G is M -saturated, then M is a perfect matching of G.
Zhou and Trinajstić [16] determined the graphs with minimum Wiener index and Kirchhoff index respectively among the connected graphs with fixed number of vertices and matching number. Du and Zhou [3] determined the graphs with minimum Wiener index among the trees and unicyclic graphs respectively with fixed number of vertices and matching number.
In this paper, we determine the minimum Kirchhoff index among the unicyclic graphs with fixed number of vertices and matching number, and characterize the extremal graphs. It is of interest to point out that among the unicyclic graphs with fixed number of vertices and matching number, the graphs with minimum Kirchhoff index are different from those with minimum Wiener index (see [3] ).
Preliminaries and Lemmas
For a graph G with v ∈ V (G), G−v denotes the graph resulting from G by deleting v (and its incident edges). For an edge uv of the graph G (the complement of G, respectively), G − uv (G + uv, respectively) denotes the graph resulting from G by deleting (adding, respectively) uv.
Let C n be the cycle on n ≥ 3 vertices, whose vertices are labeled consecutively by v 1 , v 2 , . . . , v n .
For two vertices v i , v j ∈ V (C n ) with i < j, by Ohm's law, we have
Furthermore, for fixed n, r Cn (
and thus
For a unicyclic graph G with the unique cycle C k , G − E(C k ) consists of k vertexdisjoint trees T 1 , T 2 , . . . , T k , where v i ∈ V (T i ) for i = 1, 2, . . . , k. These trees are called the branches of G, and v i is called the root of the branch T i in G for i = 1, 2, . . . , k. Now we define the graph U (k, t, i, j) which will be used frequently later. For integers k, t, i, j with k ≥ 3, k ≥ t ≥ 0, i ≥ 0, j ≥ 0, let U (k, t, i, j) be the graph obtained from the cycle C k as follows:
(a) choose t consecutive vertices in the cycle C k ; (b) attach t pendent vertices each to one of the t chosen vertices in (a); (c) attach i pendent vertices and j paths on two vertices to a central vertex of the t chosen vertices in (a).
Clearly, U (k, t, i, j) has k + t + i + 2j vertices. In particular, let U (k, t) = U (k, t, 0, 0) for integers k, t with k ≥ 3 and k ≥ t ≥ 0. For example, U (3, 1, 0, 3), U (3, 2, 2, 1) and U (3, 3, 1, 1) are shown in Fig. 1 .
For integers n and m with 2 ≤ m ≤ n 2
, let U(n, m) be the set of unicyclic graphs with n vertices and matching number m. For integer m ≥ 2, we can partition U(2m, m)\{C 2m } into two subsets as follows: (i) the set of graphs of maximum degree three in U(2m, m) obtainable by attaching some pendent vertices to a cycle, which is denoted by U 1 (m);
(ii) the set of graphs in U(2m, m) containing some pendent vertex whose unique neighbor is of degree two, which is denoted by U 2 (m).
The Kirchhoff index of graphs in U 1 (m) with small m
First we want to determine the minimum Kirchhoff index among the graphs in U 1 (m) with 2 ≤ m ≤ 8.
Lemma 2.1. Let G ∈ U 1 (m) with the unique cycle C k and t pendent vertices, where
with equality if and only if G ∼ = U (k, t).
(ii) For integers k, t with k ≥ 3, k ≥ t ≥ 1, and v ∈ V (G), we have
with equality if and only if G ∼ = U (k, t), and v is a central vertex of the t vertices of degree three in U (k, t), where
Proof. First we prove (i). The cases t = 1, k −2, k are trivial.
with equality if and only if v 1 and v s are adjacent in G, i.e., G ∼ = U (k, 2). If t ≥ 3, then by Eq. (1), we have
Suppose that t = 3. Then k is odd as G has perfect matching. By symmetry, we may assume that S(G) = {v 1 , v i , v j } with 1 < i < j, and 
with equality if and only if i = 2 and j = 3, i.e., G ∼ = U (k, 3). If j = k, then we have
, and by Eq. (1), we have
Now it follows that σ(G) ≥ σ(U (k, 3)) with equality if and only if G ∼ = U (k, 3) .
Suppose that t = k − 4 ≥ 4. Suppose to the contrary that G ∼ = U (k, k − 4). Then there are two pairs of adjacent vertices of degree two on the cycle C k in G, separated by a ≥ 1 consecutive vertices v i 1 , v i 2 , . . . , v ia of degree three and b ≥ 1 consecutive vertices v j 1 , v j 2 , . . . , v j b of degree three on the cycle C k , where
where v is the neighbor of v i 1 with degree two on the cycle. Note that
Suppose that (k, t) = (10, 4). Then there are exactly four possibilities for G, and by suitable labeling, we may assume that
and thus σ(G) ≥ 8 with equality if and only if G ∼ = U (10, 4).
Suppose that (k, t) = (11, 5) . Then there are exactly five possibilities for G, and by suitable labeling, we may assume that
and thus σ(G) ≥
11
with equality if and only if G ∼ = U (11, 5) . Suppose that (k, t) = (12, 4). Then there are exactly eight possibilities for G, and by suitable labeling, we may assume that with equality if and only if G ∼ = U (12, 4) . Combining all the above cases, and by Eq. (4), we can deduce that
with equality if and only if
By Eqs. (3) and (2), we have
with equality if and only if the t vertices in S(G) are consecutive on C k , i.e., G ∼ = U (k, t), and v i is a central vertex of the t vertices of degree three in U (k, t).
Eq. (2), we have
with equality if and only if G ∼ = U (k, t), and v i is a central vertex of the t vertices of degree three in U (k, t).
If G ∈ U 1 (m) with the unique cycle C k and t pendent vertices, where 2 ≤ m ≤ 8, then t = 1, 2, 3, k − 4, k − 2, k, (k, t) = (10, 4), (k, t) = (11, 5), or (k, t) = (12, 4). Now by Lemma 2.1 (i), we have Lemma 2.2. If G is a graph in U 1 (m) with the minimum Kirchhoff index, where 2 ≤ m ≤ 8, then G ∼ = U (k, t) with k + t = 2m, k ≥ 3 and k ≥ t ≥ 1.
The Kirchhoff index of graphs in U 2 (m) with small m
The following result will be useful for comparing the Kirchhoff indices of graphs.
For simplicity, let |G| = |V (G)| for a graph G.
Lemma 2.3.
[12] Let G and H be two connected graphs with u ∈ V (G) and w ∈ V (H). Let GuH be the graph obtained from G and H by identifying u ∈ V (G) with w ∈ V (H). Then
Let P n be the path on n vertices. If u is a pendent vertex being adjacent to a vertex v of degree two in the graph G, then the path of G induced by the vertices u and v is said to be a pendent P 2 of G. Clearly, every graph in U 2 (m) has at least one pendent P 2 .
For a given graph G ∈ U 2 (m), starting from G, deleting the pendent P 2 's repeatedly, until there is no pendent P 2 , the resulting graph is denoted byḠ. Letn = |Ḡ|. Clearly, G ∈ U 1 (n 2 ) ∪ {Cn}.
Now we determine the minimum Kirchhoff index among the graphs in
Proof. Let G ∈ U 2 (m), and k be the length of the unique cycle of G.
Denote by the deleting process from G toḠ as follows:
where G i+1 is the (unicyclic) graph obtained from G i by deleting a pendent P 2 , where
)) with last equality if and only if
Then the result follows easily.
2.3
The effect on the Kirchhoff index of graphs under the deletion of some vertices Next we establish a lower bound of Kf G (u), where G ∈ U(n, m) and u ∈ V (G). Lemma 2.5. Let G ∈ U(n, m) with the unique cycle C k , where n ≥ 6, m ≥ 3, k ≥ 3. If
with equality if and only if G ∼ = U n,m , and u is the vertex of maximum degree in U n,m .
Proof. Let M be a maximum matching of G. First we establish an upper bound of
x, y = u and xy ∈ E(C k )},
Clearly, A 1 , A 2 , A 3 are pairwise disjoint, and
Note that It follows from Eq. (6) that if u lies on the unique cycle
with equality if and only if the corresponding equalities in (a), (b), (c) hold, while if u lies outside the unique cycle
with equality if and only if the corresponding equalities in (a), (b), (c) hold. Case 1. u lies on the unique cycle C k of G. Subcase 1.1. k is odd and T i ∼ = P 1 for 2 ≤ i ≤ k. By Eq. (2) and inequality (7), we have
) with odd k, and u is the vertex of maximum degree in U (k, 1, n − 2m, m − k+1 2
). Subcase 1.2. k is even and T i ∼ = P 1 for 2 ≤ i ≤ k, or there is at least one of T i such that
where v is the unique pendent neighbor of v i with 3
On the other hand, we also note that if k is odd, then T i ∼ = P 2 for some i with 2 ≤ i ≤ k, and thus either
Let a be the number of pendent vertices attached to v 2 or v k in G, where 0 ≤ a ≤ 2. Then by Eq. (2), and inequalities (7) and (9), we have
if k is odd
= n−m. However, a = 2 and k = 4 imply that either |A 2 | > 1 or |A 3 | > 0, and thus by Eq. (6),
(k 2 − 9k + 6n + 6m − 4). Case 2. u lies outside the unique cycle C k of G.
Let b be the number of neighbors of u on C k , where b = 0, 1. Now by Eq. (2) and inequality (8), we have
Now combining Cases 1 and 2, we have
) with odd k, and u is the vertex of maximum degree in
). Thus
with equalities if and only if G ∼ = U (5, 1, n − 2m, m − 3) = U n,m , and u is the vertex of maximum degree in U n,m . Now we present a stronger version of lemma 2.5.
Lemma 2.6. Let G be a unicyclic graph with n vertices and matching number at least m, where n ≥ 6, m ≥ 3. For u ∈ V (G),
Proof. Let G be a unicyclic graph with a vertex u ∈ V (G) such that
Assume that u ∈ V (T 1 ). Let M be a maximum matching of G. Suppose that |T i | ≥ 3 for some i with 2 ≤ i ≤ k, where k is the length of the unique cycle of G. Then there is some edge, say xy, in T i outside M . Assume that the vertices x and u lie in the same component of G − xy. Let G 1 = G − xy + uy. Clearly, M is also a matching of G 1 , and thus G 1 has matching number at least m. However, Kf G 1 (u) < Kf G (u), which is a contradiction. Thus |T i | = 1, 2, i.e., T i ∼ = P 1 or P 2 for 2 ≤ i ≤ k. By Lemma 2.5, we have
with equalities if and only if G ∼ = U n,m , and u is the vertex of maximum degree in U n,m .
The following result turns out to be of rather important for the proof of our main results.
Lemma 2.7. Let G ∈ U(n, m) with a pendent vertex x being adjacent to vertex y, and let z be the neighbor of y different from x if d G (y) = 2, where n ≥ 6, m ≥ 3. Then
with equality if and only if G ∼ = U n,m , and x is a pendent neighbor of the vertex of maximum degree in U n,m . Moreover, if d G (y) = 2, then
with equality if and only if G ∼ = U n,m .
Proof. Note that Kf G (x) − Kf G (y) = n − 2. Then by Lemma 2.6, we have
with equality if and only if G ∼ = U n,m , and x is a pendent neighbor of the vertex of maximum degree in U n,m . If d G (y) = 2, then Kf G (y) − Kf G (z) = n − 4, and thus by Lemma 2.6, we have
Lemma 2.8.
[11] Let G be an n-vertex unicyclic graph with the unique cycle C k , where
with equality if and only if G ∼ = U (k, 1, n − k − 1, 0).
Results
First we consider the minimum Kirchhoff index of unicyclic graphs with perfect matching.
Theorem 3.1. Among the graphs in U(2m, m) with m ≥ 2, C 2m for 2 ≤ m ≤ 4, U (8, 2) for m = 5, U (8, 4) for m = 6, U (7, 7) for m = 7, and U 2m,m for m ≥ 8 are the unique graphs with the minimum Kirchhoff indices, which are equal to 1 6 (4m 3
The case m = 2 is obvious since U(4, 2) = {U (3, 1), C 4 }, where
For 3 ≤ m ≤ 8, by Lemmas 2.2 and 2.4, the minimum Kirchhoff index of the graphs in U(2m, m) is precisely achieved by some graph of the form U (k, t, 0, j), where k + t + 2j = 2m, k ≥ 3, k ≥ t ≥ 0 and j ≥ 0. In Tables 1-6 corresponding to m = 3, 4, . . . , 8, we list these graphs and their Kirchhoff indices. We use (k, t; j) to represent the graph U (k, t, 0, j) in these tables. From these tables, we find that (1) U (6, 0, 0, 0) = C 6 is the unique graph in U(6, 3) with the minimum Kirchhoff index, which is equal to 17 We prove the result by induction on m. Suppose that the result holds for all the graphs in U(2m − 2, m − 1). Let G ∈ U(2m, m).
If G ∼ = C 2m , then by Eqs. (3) and (5), we have Suppose that G ∈ U 1 (m). Recall that G is a graph of maximum degree three obtainable by attaching some pendent vertices to a cycle C k , where m ≤ k ≤ 2m − 1. If k = m, m + 1, m + 2, then there are, respectively, m, m − 1, m − 2 pendent vertices in G outside the cycle C k , and thus by Lemma 2.1 (i), we have
2 − 18m − 14 > 0 and h (2m − 1) = 4m 2 − 20m + 10 > 0. This implies that h (k) > 0 for m + 3 ≤ k ≤ 2m − 1, i.e., h(k) is increasing for k with m + 3 ≤ k ≤ 2m − 1. 
with equalities if and only if G ∼ = U 2m,m . Then the result for m ≥ 9 follows easily.
The remainder of the paper will focus on the minimum Kirchhoff index among the graphs in U(n, m), where n > 2m and m ≥ 3.
Lemma 3.1.
[2] Let G ∈ U(n, m) \ {C n }, where n > 2m, m ≥ 3. Then there is a maximum matching M and a pendent vertex u of G such that u is not M -saturated.
For a given graph G ∈ U(n, m) \ {C n }, where n > 2m, m ≥ 3, by Lemma 3.1, there is a maximum matching M and a pendent vertex which is not M -saturated, after deleting this pendent vertex, we can get a graph in U(n − 1, m). Repeating the process until it is exhausted, the resulting graph is denoted by G 0 . Note that G 0 ∈ U(2m, m). Let n 0 = |G 0 |. Furthermore, for the vertex u ∈ V (G 0 ) satisfying Kf G 0 (u) is minimum, let G * 0 be the graph obtained from G 0 by attaching n − n 0 pendent vertices to u.
Proof. Similar to the proof of Lemma 2.4, and by Lemma 2.3 repeatedly, (i) follows easily. On the other hand, by Lemmas 2.3 and 2.6, Kf (G * 0 ) > Kf (U n,m ) follows from the hypothesis that G 0 ∼ = U n 0 ,m and Kf (G 0 ) ≥ Kf (U n 0 ,m ). Now together with Kf (G) ≥ Kf (G * 0 ), we can get Kf (G) > Kf (U n,m ). The following lemma reveal the possible graph with the minimum Kirchhoff index among the graphs in U(n, m) \ {C n }, where n > 2m and 3 ≤ m ≤ 7.
Lemma 3.3. If G is a graph in U(n, m) \ {C n } with the minimum Kirchhoff index, where n > 2m and 3 ≤ m ≤ 7,
Proof. Let G ∈ U(n, m)\{C n }. Denote by k the length of the unique cycle of G. Suppose that there are t pendent vertices of G whose unique neighbors are all on the unique cycle of G. Note that G 0 ∈ U(2m, m), i.e., G 0 ∈ U 1 (m) ∪ U 2 (m). Case 1. G 0 ∈ U 1 (m).
First, by Lemma 3.2 (i), we have Kf (G) ≥ Kf (G * 0 ). Next, by Lemma 2.2, we have Kf (G 0 ) ≥ Kf (U (k, t)) with equality if and only if G 0 ∼ = U (k, t)), and thus by Lemma 2.1 (ii) and Lemma 2.3, we have Kf (G * 0 ) ≥ Kf (U (k, t, i, 0)) with equality if and only if G * 0 ∼ = U (k, t, i, 0)), where k + t + i = n and i ≥ 1. Now it follows that Kf (G) ≥ Kf (U (k, t, i, 0)) with equality if and only if G ∼ = U (k, t, i, 0). Case 2. G 0 ∈ U 2 (m).
Recall that, starting from G 0 , deleting the pendent P 2 's repeatedly, until there is no pendent P 2 , the resulting graph is denoted byḠ 0 . Letn 0 = |Ḡ 0 |. Clearly,Ḡ 0 ∈ U 1 (n 0 2 ) ∪ {Cn 0 }. Suppose that u is a vertex inḠ 0 satisfying KfḠ 0 (u) is minimum, and let H be the graph obtained fromḠ 0 by attaching i pendent vertices and j paths on two vertices to u.
Similar to the proof of Lemma 2.4, and by Lemma 2.3 repeatedly, Kf (G) ≥ Kf (H) follows easily.
On the other hand, recall thatḠ 0 ∈ U 1 (n 0 2 )∪{Cn 0 }, by Lemma 2.2, we have Kf (Ḡ 0 ) ≥ Kf (U (k, t)) with equality if and only ifḠ 0 ∼ = U (k, t)), where k + t =n 0 , and thus by Lemma 2.1 (ii) and Lemma 2.3, we have Kf (H) ≥ Kf (U (k, t, i, j)) with equality if and only if H ∼ = U (k, t, i, j), where k + t + i + 2j = n. Now it follows that Kf (G) ≥ Kf (U (k, t, i, j)) with equality if and only if G ∼ = U (k, t, i, j).
Combining Cases 1 and 2, we have Kf (G) ≥ Kf (U (k, t, i, j)) with equality if and only if G ∼ = U (k, t, i, j), and G ∼ = U (k, t, i, j) implies that G 0 ∼ = U (k, t, 0, j). for n ≥ 6. Thus C 5 for n = 5, U (4, 1, n − 5, 0) for 6 ≤ n ≤ 11, U (3, 1, 8, 0) and U (4, 1, 7, 0) for n = 12, and U (3, 1, n − 4, 0) for n ≥ 13 are the unique graphs in U(n, 2) with the minimum Kirchhoff indices. Case 2. m = 3. If G ∼ = C n , then n = 7, and by Eq. (3), we have Kf (G) = 28. Suppose that G ∼ = C n . If G 0 ∼ = U 6,3 , then by Lemma 3.2 (i), we have Kf (G) ≥ Kf (U n,3 ) with equality if and only if G ∼ = U n, 3 . Suppose that G 0 ∼ = U 6,3 . If Kf (G 0 ) ≥ Kf (U 6,3 ), then by Lemma 3.2 (ii), we have Kf (G) > Kf (U n,3 ). If Kf (G 0 ) < Kf (U 6,3 ), then by Lemma 3.3 and Table 1 , we assume that G 0 = C 6 , and thus by Lemma 3.2 (i), we have Kf (G) ≥ Kf (U (6, 1, n − 7, 0)) with equality if and only if G ∼ = U (6, 1, n − 7, 0). Therefore for n = 7, 
